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Parallel implementation of the Vortex-in-Cell (VIC) method for 3D flow on many graphics cards was pre-
sented. As test problems it was chosen the leapfrogging and head-on collision of two vortex rings for
which a well documented visualization exists in the literature. Our aim was to show the great potential
of the VIC method for solution of 3D flow problems and that it is very well suited for parallel
computation.
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1. Introduction

Numerical solution of the 3D Navier – Stokes equations for high
Reynolds number, using any method, is a very time consuming
process. Recently there is not much increase in the computational
power of a single processor. Instead we are forced to use multicore
architectures and parallel computation. But to take advantage of
their potential one needs to use proper numerical algorithms.
One of the multiprocessor hardware that can be efficiently used
in scientific computations is the graphics processing unit (GPU).
It is built of hundreds of simple streaming processors which alto-
gether give a great computational power. GPUs are relatively cheap
and commonly available.

Our first implementation used only one graphics card for
computation. We were able to use the computational grid of
128 � 128 � 128 nodes (on a newer GPU we were able to fit com-
putational grid of 224 � 224 � 224 nodes). Our results can be
found in [11]. Very quickly we found the limitation of the RAM
memory of a single GPU. We were forced to use many graphics
cards. For communication we used MPI library.

As a numerical method we chose the 3D Vortex-in-Cell (VIC)
method that become more and more important method in numer-
ical investigation of the fluid dynamics phenomena [4–6,20,18]. In
this method particles carry information about vorticity. It is well
known that the velocity may be calculated from the vorticity distri-
bution. Next the vortex particles are displaced according to local
velocity field. Particles intensity is then interpolated back to the
grid nodes. To simulate the effect of the viscosity the viscous split-
ting was used and the diffusion equation was solved in each time
step.

The VIC method is very well suited for parallel computation
[11,10,19,7]. The displacement and redistribution processes, which
have to be done at each time step, have a local character and the
computations for each particle can be done independently. So the
whole set of particles can be divided into independent groups
and operations over these groups can be done concurrently.

In the paper it was presented the numerical results of the inter-
action between two vortex rings. The phenomena of leapfrogging
and head-on collision of vortex rings were simulated. Experimental
results for both cases are well documented in the literature [12,13].

The structure of the article is as follows: in the next section a
short description of the VIC method is given, in Section 3 it was
presented the numerical test cases and its results and the last sec-
tion are closing remarks.
2. Equations of the motion and description of the vortex
particle method

Equations of incompressible and viscous fluid motion have the
following form:

@u
@t
þ ðu � rÞu ¼ � 1

q
rpþ mDu ð1Þ

r � u ¼ 0 ð2Þ

where u = (u,v,w) is velocity vector, q is fluid density, p is pressure,
m is kinematic viscosity. Eq. (1) can be transformed to the Helmholtz
equation for vorticity evolution [21]:
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@x
@t
þ ðu � rÞx ¼ ðx � rÞuþ mDx ð3Þ

where x =r� u.
Generally in all vortex particle methods the viscous splitting

algorithm is used [8]. The solution is obtained in two steps: first,
the inviscid - Euler equation is solved.

@x
@t
þ ðu � rÞx ¼ ðx � rÞu ð4Þ

Next, the viscosity effect is simulated by solving the diffusion
equation

@x
@t
¼ mDx ð5Þ

xðx;0Þ ¼ xI ð6Þ

where xI is vorticity distribution obtained after inviscid step.
For the solution of Eqs. (5) and (6) one can use any suitable

method like the Particle Strength Exchange (PSE) method [4] or
the Finite Difference method (FDM). Due to the fact that we did
the distribution of the particles intensities in each time step to
the grid nodes and the positions of the particles are fixed, the most
suitable method for that case, seems to be the FDM method with
semi-implicit Crank–Nicholson scheme that is of the order
ðOððDtÞ2 þ ðDxiÞ2ÞÞ.

The mth component (m = 1,2,3) of the vorticity vector was
approximated by

xnþ1
m �xn

m

Dt
¼ 1

2
Lnþ1xm þ

1
2

Lnxm ð7Þ

where

Lnþ1xm ¼ m Kixnþ1
m þKjxnþ1

m þKkxnþ1
m

� �
ð8Þ

and

Kix ¼
xiþ1;j;k � 2xi;j;k þxi�1;j;k

Dx2
i

; ð9Þ

where index n related to time level tn = nDt and (i, j,k) enumerates
the grid nodes in x1, x2, x3 directions respectively. The resulting
algebraic systems were solved on GPU by the conjugate-gradient
method.

In inviscid flow (4), according to the third Helmholtz theorem
[21], vorticity lines move as the material fluid particles. Thus the
movement of the vortex particles can be described by the infinite
set of ordinary differential equations:

dxp

dt
¼ uðxp; tÞ; xð0;aÞ ¼ a ð10Þ

where a = (a1,a2,a3) means the Lagrange coordinates of fluid parti-
cles. Solution of Eq. (10) gives the particle-trajectory mapping
Uð�; tÞ : R3 ! R3;a! Uða; tÞ ¼ x 2 R3 that is one-to-one and onto.
Incompressibility implies that det(raU(a, t)) = 1

The velocity can be expressed through vorticity distribution
using the Biot–Savart law

uðx; tÞ ¼
Z

Kðx� x0Þxðx0; tÞdx0 ¼ ðK�xÞðx; tÞ ð11Þ

where ⁄ denotes convolution and K is a 3 � 3 matrix kernel

KðxÞ ¼ 1
4p

1

jxj3

0 x3 �x2

�x3 0 x1

x2 �x1 0

0
B@

1
CA; jxj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þ x2
2 þ x2

3

q

Eq. (11) are the fundamental formulas for direct vorticity meth-
ods [14]. By covering the domain of the flow with a numerical
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mesh (Nx � Ny � Nz) with equidistant spacing h, the ith component
of the intensity vector particle ai is defined by the expression:

ai ¼
Z

Vp

xiðx1; x2; x3Þdx � h3xiðxpÞ; xp 2 Vp; jVpj ¼ h3 ð12Þ

where Vp is the volume of the cell with index p. The velocity field is
found by summing over all of the particles

dxi

dt
¼ uðxi; tÞ ¼

XNp

p¼1

Kðxi � xpÞapðtÞ ð13Þ

dai

dt
¼ aiðtÞ � rð Þuðxi; tÞ ð14Þ

The disadvantage of the direct vortex particle method given by for-
mula (13) is that the method is very computationally time consum-
ing. It stems from the fact that one should take into account all of
the mutual interactions between particles that are in the flow. In
practical calculation one should also introduce regularization in
the formulas (13) removing the singularity of the kernel K
[17,15,14]. To overcome this difficulty we replaced the Biot–Savart
law for velocity calculation with the grid method.

From incompressibility (2) stems the existence of the vector po-
tential A, such that:

u ¼ r� A ð15Þ

The vector potential A defines the velocity field with accuracy to
some potential field r/. Adding A +r/ we do not change the left
side of (15). It is convenient to assume that divA = 0. The vorticity
is related to A as follows

r�r� A ¼ x ¼ rðr � AÞ � DA ð16Þ

So assuming that r � A = 0 the vector potential can be obtained by
solving three Poisson equations

DAi ¼ �xi; i ¼ 1;2;3 ð17Þ

with periodic boundary conditions in each direction.
The Poisson equation can be solved effectively using the numer-

ical grid and finite difference method. Grid solution (17) permits
for calculation of the velocity by formula (15).

Subsequently the velocity from the mesh nodes is interpolated
onto the particles positions. Such an approach significantly acceler-
ates (�1000 times quicker [6]) the calculations. Algebraic systems
obtained from discretisation of the Poisson Eq. (17) were solved by
the Multigrid method. The system of Eq. (13) was solved by the
Runge–Kutta method of the 4th order. After solution of the Eq.
(13) the intensity of the particles was redistributed onto the grid
nodes.

We did the redistribution of the intensities of particles onto grid
nodes in each time step, before the solution of the Poisson Eq. (17).

It was done using an interpolation:

xj ¼
X

p

~apn
u

xj � ~xp

h

� �
h�3 ð18Þ

where j is the index of the numerical mesh node, p is the index of a
particle.

Let us assume that x 2 R. In this work, we used the following
interpolation kernel [4]

uðxÞ ¼
ð2� 5x2 þ 3jxj3Þ=2 if 0 6 jxj 6 1

ð2� jxjÞ2ð1� jxjÞ=2 if 1 6 jxj 6 2
0 if 2 6 jxj

8><
>: ð19Þ

For the 3D case, u = u(x)u(y)u(z). The u satisfies the following mo-
ment condition [4]:
thod in parallel computations on many GPUs. Comput Fluids (2013), http://
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Table 1
Weak scaling. Duration of 5 time steps of the VIC method.

No. of GPUs Time (ms) Weak scaling efficiency

1 92,090 –
2 101,648 0.91
4 159,805 0.58
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X
j

ðx� xjÞku
x� xj

h

� �
¼ 0 1 6 jkj 6 m� 1; m ¼ 3: ð20Þ

It says that the kernel (19) is order m = 3 [4]. It means that the poly-
nomial up to the order m is exactly represented by the interpolation
(18).

3. Remarks on parallel computing

As can be seen from the description of the VIC method, most
calculations were related to vortex particles. Calculations of
displacement and redistribution for individual particles are inde-
pendent of one another and can therefore be done in parallel. As
there are myriads of vortex particles in the flow (even a few
million) a massively parallel environment is desirable. For our
calculations we selected Graphics Processing Units (GPUs – also
called as a device in [3]). The computer in which device is mounted
is called as a host. The GPU have the great computing power-to-
cost ratio, but require a quite different approach to programming.
Details of implementation of the VIC method on a single GPU can
be found in the authors’ paper [10].

Implementation of the algorithm for a single GPU has its limita-
tions. The most important is the amount of the RAM memory
available on a single device. In our vortex particle method imple-
mentation a single GPU allowed for a numerical mesh not larger
than 224 � 224 � 224 nodes. To overcome this limitation we had
to write a program capable of using multiple graphics cards. This
required distribution and exchange of the data between devices.

Our final implementation of the VIC method was supposed to
run on the computer cluster that means a group of computers
(called ‘‘nodes’’) used as servers connected to each other through
local area network (LAN). Each of the nodes is a stand alone com-
puter and can work on its own. Our target hardware configuration
is that each node has more than one GPU (in supercomputing cen-
tres one can find nodes with even 8 GPUs).

A stream of instructions along with local storage is called as a
process [2]. To modify our program to work on many GPUs we
needed to distribute the data among the devices and assure com-
munication between parallel processes.

We decided to use so called hybrid MPI-OpenMP parallel pro-
gramming (also called multilevel parallel programming) in our
code. OpenMP is a standard for parallel programming on systems
with shared-memory (in opposite to MPI which is dedicated to sys-
tems with distributed memory). The main difference between
these two standards is the fact that in MPI each process makes
its own copy of the data that it needs, and in OpenMP processes
may read or modify memory spaces created by other processes
(variables can be set as a shared or private). The main idea in hy-
brid MPI-OpenMP programming is that OpenMP ensures commu-
nication between the processes running on the same node and
MPI transfers the data between the nodes. GPUDirect 2.0 technol-
ogy was used for the communication between GPUs on the same
node. It allowed for the transfer of data between two GPUs without
copying it to hosts RAM memory. The transfer was done in a non-
blocking fashion using CUDA Streams.

Not all of the computational domain has to be transferred be-
tween the GPUs. Only a small region (called as a ‘‘halo’’) is needed.
To efficiently use streams one has to write a program in such a way
that at first calculations are carried out on ‘‘halo’’ region. Then one
stream transfers data to the host memory and the second performs
calculations for the remaining part of the computational domain.
In this way the transfer of the data and computations can be done
concurrently.

The halo region may be scattered across devices memory. If so
one have to manually select pieces of the data, copy them into a
continuous memory space and after copying between processes
Please cite this article in press as: Kosior A, Kudela H. The 3D vortex particle me
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put it in the right place on a new device. In the presented work
we decomposed the computational domain only in one direction
(z-axis). In this way the halo region was a continuous memory
area. In our computation the data had to be sent in three different
cases. First was the solution of the algebraic system of equations by
iterative methods (multigrid and conjugate gradient). In this case
the halo region size was dependent on the numerical stencil used
for the decomposition of the solved equations. In this paper we
used the second order central difference scheme in space. This
means that to compute the value in the next iteration in the given
point we needed information only about the neighbouring nodes
and in this case the halo region was of size 1. The second case in
which the halo region had to be transferred was the displacement
of the particles. It was done with the Runge–Kutta 4th order meth-
od. During the displacement of the particles the velocity and its
derivatives had to be interpolated onto the particles instantaneous
positions. As the 3rd order interpolation (see (19)) and central dif-
ference schemes was used the halo region was of size 3. This trans-
fer has to be done once in each time step. The third case was
connected to the redistribution of particle intensities to the grid
nodes. The data related to positions and intensities of particles
had to be sent. The data about all of the particles that might have
had an influence on the nodes in different domains was trans-
ferred. As we used interpolation kernel (19) and assured that the
particle did not travel more then one grid step size per time step
it was enough to send particles that started their movement at
the domain boundary and two of its neighbours (halo region was
of size 3).

When one is using many devices in computation the data has to
be transferred between them. This takes time and slows down
computation. The limiting factor in our test on a single GPU was
the amount of the RAM memory on a single device. Our main inter-
est was to enlarge the number of the grid nodes to rise the preci-
sion of the calculation and to widen computational domain. To
characterize the loss of the computational speed after introducing
additional GPU units we used coefficient defined as

Ewðp;nÞ ¼
Tð1;nÞ
Tðp;nÞ ð21Þ

where T is execution time, p number of processes and n – problem
size.

This coefficient is called as a weak scaling and is used when
there is a constant amount of data per one graphics card and num-
ber of graphics cards is growing. This simulates a situation in
which the test case will be too large to fit on one GPU. Each graph-
ics card gets the same number of computational nodes. In the ideal
case, when the cards would not need to communicate (or data
transfer time would be completely hidden), the computation time
for many GPUs case would be the same as for a single card. Unfor-
tunately, this is not always possible.

Test were done on a computer with four NVIDIA GTX570 graph-
ics cards (3 GB each). For the 224 � 224 � 224 case (the biggest
case to fit on a single GPU with 3 GB of memory) the efficiencies
for the weak scaling can be seen in Table 1 respectively.

As one can see going from 1 to 2 GPU there is a weak scaling
efficiency of 0.91. This quite a good result. Worse result was
obtained using 4 GPUs. This may be caused by the fact that the
thod in parallel computations on many GPUs. Comput Fluids (2013), http://
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Fig. 1. Isosurface plot jxj = 0.2x0 of leapfrogging in the inviscid fluid.

Fig. 2. Isosurface plot jxj = 0.15x0 of leapfrogging in the viscous fluid.
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motherboard used in our computer is capable of transferring data
to at most 2 GPUs with the maximum rate given by the PCI Express
�16 slot (theoretical peak of 8 GB/s and about 6 GB/s in tests).
When 4 GPUs are transferring data altogether the transfer is only
with half of its maximum rate to each GPU (theoretical peak of
Please cite this article in press as: Kosior A, Kudela H. The 3D vortex particle me
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4 GB/s and about 3 GB/s in tests). This shows that different hard-
ware could improve results.

The total amount of computational time for the test case of the
head-on collision on a computational grid of 256 � 256 � 256
nodes and 2000 time steps on our cluster using 2 GPUs is about 9 h.
thod in parallel computations on many GPUs. Comput Fluids (2013), http://
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The performance results shown above are not perfect. In our
opinion one of the limiting factors was the used hardware which
introduced long data transfer times for the configurations with
4 GPUs. Our implementation of the Vortex-in-Cell method allows
for the computations on any number of computational nodes hav-
ing GPUs. Thanks to this we can conduct computations even in
supercomputing centres where current problems with hardware
will not be present.

4. Formulations of the numerical test problems and numerical
results

Understanding the dynamics and the mutual interaction among
various types of vortical motions, including vortex reconnection, is
the key ingredient in clarifying and controlling fluid motions [9].
There is much experimental evidence that tube-like vortex regions
evolve and interact at high Reynolds number in 3D turbulent flow.
One can imagine that most of the physical space is filled with irro-
tational or very weakly rotational fluid and that the flow is driven
by ‘‘small’’ diameter vortex tubes [22]. The breaking and rejoining
of vortex lines may be a fundamental process in the evolution of
three-dimensional vortices and the mechanics of turbulence [16].
Fig. 3. Isosurface plot jxj = 0.05x0 (blue) and jxj = 0.2x0 (yellow – look like g
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We intend to show that vortex particle method is capable of
reproducing results from the real life experiments. In the previous
article [11] the authors showed good agreement with numerical
studies conducted by other numerical methods.

As the test cases for computation on many graphics cards, we
have chosen to investigate the dynamics of the motion of two
vortex rings undergoing so called leapfrogging or a head-on
collision.

Distribution of vorticity in the cross section was assumed as:

xðrÞ ¼ x0e�
r2

a2 ð22Þ

where x0 and a are given constants. Based on this the total circula-
tion C and the Reynolds number were calculated

C ¼
Z a

0
xðrÞ2pr dr; ReC ¼

C
m

ð23Þ

where m is kinematic viscosity coefficient.
In every test case presented the numerical mesh size was 2563

and the domain of computation was a box [20 � 20 � 20] with
periodic boundary conditions in all directions.
rey when covered with blue) of collision of two vortex rings. ReC = 1000.

thod in parallel computations on many GPUs. Comput Fluids (2013), http://
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4.1. Leapfrogging

In this section the numerical simulation results for leapfrogging
of two vortex rings are presented. Leapfrogging strongly depends
on initial position of the vortex rings and sometimes may not take
place [12].

During this process, the induced velocity of the front ring will
cause the rear ring to contract and accelerate. In contrast, the
velocity field of the rear ring will cause the front ring to expand
in diameter and slow down. If the conditions are favourable, the
rear ring may catch up to the front ring, and be drawn through
its centre and emerge ahead of the front ring. When this happens,
the role of the rings is reversed and the process may repeat itself.

4.1.1. Inviscid fluid
First test was the leapfrogging in the inviscid fluid. The param-

eters in the Eqs. (22) and (23) were x0 = 22.38, a = 0.15, R = 1.5,
C = 1.0.

As one can see in Fig. 1 the rings undergo two consecutive slip-
throughs. Very similar result, for a real life experiment, can be
found in [12]. Although the rings become fuzzy they do not merge
into one ring as this is impossible in the inviscid case.

4.1.2. Viscous fluid
Second test was conducted for the viscous fluid. The parameters

in the Eqs. (22) and (23) were the same as for the inviscid case and
ReC = 1000.

In this case vortex rings were able to undergo one slip-through
and then merged to form a single ring. We think that this is due to
Fig. 4. Collision of two vortex rings visualized by the passive marker. O

Please cite this article in press as: Kosior A, Kudela H. The 3D vortex particle me
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the fact that vortex ring cores were diffused during the movement
and the interaction between them was too weak to move them
apart (see Fig. 2).
4.2. Collision of two vortex rings ReC = 1000

This test shows the head–on collision of the two vortex rings.
The experimental results were published by Lim and Nickels in
[13] and also very clearly on the web side of Lim [1] http://serve.-
me.nus.edu.sg/limtt/.

In this case the parameters were as follows x0 = 20, a = 0.5,
R = 1.0, m = 0.01, ReC = 1000. The results can be seen in Fig. 3.

When two rings approach each other the velocities induced by
the them cause both rings to grow in diameter and become flat. At
first one can notice that the vorticity distributions around the axis
of symmetry create the thin sheet that was called by Lim as a
membrane (frame t = 2 in Fig. 3). As was reported in [13] when
the size of the rings are approximately four times their initial
diameter, a symmetrical instability in the form of azimuthal wav-
iness begin to developed (frame t = 3 in Fig. 3). That instability lead
to the creation on the circumference, four bulges of the vorticity.
Our results are related to the pictures presented on the web side
of Lim for Reynolds number smaller then 1000. In Lim’s experi-
mental results the number of the bulges is five times higher than
in our computations. It is hard to compare Lim’s results to our com-
putations exactly. We conducted computations on a finite size
cube 20 � 20 � 20 with the periodic boundary conditions. Lim re-
lated the Reynolds number to the diameter of the hole by which
the rings were produced and not to the circulation of the rings as
n the frame t = 0 the vortex rings are merged inside of the cuboids.

thod in parallel computations on many GPUs. Comput Fluids (2013), http://
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we did. Smaller number of bulges on circumference of vortex
structure and rectangular shape of the structure in the end of our
computation may results from that. Also the size of our computa-
tional domain and periodic boundary conditions impact on our
results.

It is known that vorticity is not carried by the fluid particles in
the viscous flow and the vorticity is not prefect means for visuali-
zation of the flow. Due to this, in order to better compare our
results to the real flow visualization we used the passive markers
carried by the fluid. The rings we merged in boxes of passive mark-
ers (coloured with the initial position: red – lower ring, blue –
upper ring). The size of the cuboids was equal to the diameter of
the vortex rings and their thickness. Inside of the each box we
put a grid of 100 � 100 � 50 nodes and at each of the node a
passive marker was put. It is clear that some passive markers laid
outside of the rings. Our numerical results were presents in Fig. 4.
One can see that in frame t = 1 a tail created by the particle initially
placed outside of the rings is formed. In the frame t = 3 one can see
formation of the membrane. The structure that can be seen in the
frame t = 5 very much resembles the experimental pictures of Lim
[1]. From the frame t = 8 it is clear that reconnection did not take
place. The particles did not mixed. The reconnection phenomena
that would appear in the vorticity bulges could be responsible
for the creation of the small rings on circumference as was re-
ported in [13].

5. Closing remarks

Understanding the dynamics and mutual interaction of various
types of vortical motions is the key ingredient in clarifying and
controlling fluid motions. One of the most fundamental 3D vortical
interactions is related to vortex rings. In spite of the simple geom-
etry the vortex rings evolution provide various fascinating
phenomena like leapfrogging, head-on collision of the rings as
was reported by [13]. We showed that our implementation of vor-
tex particle method is capable of reproducing result obtained in
experiments.

Nowadays it is not difficult to notice that the computational
power of a single processor stopped rising. Parallel architectures
Please cite this article in press as: Kosior A, Kudela H. The 3D vortex particle me
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need to be used to deliver the means to speed up computation.
Developing programs on GPUs is an interesting alternative to using
the CPU. Thanks to hundreds of streaming processors working in
parallel we can get the results faster. The GPUs are also quite cheap
and easily accessible.

It is obvious that if one wants to have a good resolution of the
physical phenomena, one has to use a fine numerical mesh in com-
putations. That requires greater memory and computational time.
To overcome this problems, one can use many graphics cards.
Properly used GPUs (memory management, parallel algorithms,
etc.) allows programs to be executed much faster at relatively
low cost. Future work is to run our program on a supercomputer.
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